
Anteneh Yohannes 
 

Bi-level Programming Problem (BLPP) Description 

An optimization problem constrained by another optimization problem is called a bi-level 

programming problem (BLPP). From the mathematical point of view it is a problem with 

hierarchical structure where two independent decision-makers appear. One can consider this 

problem as a sequential game, which has its origin in the Stackelberg game theory. That is, 

optimal reaction vector   of the second player (“follower”) is included in the decision making of 

the first player (“leader”). Leader‟s reaction vector is denoted as  . This rule can be represented 

in a mathematical form of the bi-level program 
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Equations (1) - (3) describe the leader‟s decision sub problem, while (4) represent the follower‟s 

decision sub problem. For the comprehensive description, F(x, y), f(x, y):         are the 

leaders and follower‟s objective functions, respectively. Further, G(x, y), H(x, y):          

represent inequality and equality constraint set in the leader‟s sub problem, respectively, and 

       , h(x, y):          are inequality and equality constraint set in follower‟s sub 

problem, respectively. To build up a complete picture of the problem, it is necessary to define 

some more terms. The relaxed feasible set for BLPP is defined as Ω = {(x, y): G(x, y) ≤ 0, H(x, y) 

= 0, g(x, y) ≤ 0, h(x, y) = 0}. The follower‟s feasible set for the decision variables x of the 

leader‟s problem defined for every x   X is specified as  Ω (x) = {y : y   Y, h(x, y) = 0, g(x, y) ≤ 

0} while the rational follower‟s reaction set for every x   X is defined as M(x) = {y : y   argmin 

{f(x, y) : y    Ω (x)}}. Finally, it is essential to define the inducible region or feasible set for 

BLPP as IR = {(x, y): (x, y)   Ω, y  M(x)}. This is the set over which the leader may optimize. 

All the definitions assume a bounded space, where the optimal solution can be found. A solution 
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      is feasible if          and a solution            is an optimal solution if        

                  . 

Problem formulation 

The transportation network design problem (NDP) can be represented as a leader–follower game 

where the transport planner makes network planning decisions, which can influence, but cannot 

control the users‟ route choice behavior. The users make their route choice decisions in a user 

optimal manner. This game can be formulated as a bi-level programming model, where the 

upper-level problem is to determine the optimal capacity improvement to each link in a given set 

of candidate links, in order to minimize total system travel time (TSTT), subject to a given 

budget limit, and the lower-level problem represents a UE traffic assignment problem that 

describes users‟ route choice behavior. Before formulating the bi-level model, we list the 

symbols used in the model: 

Notation  Explanation 

  : Set of arc   

  : Set of trip origins,     

  : Set of trip destinations,     
   : Set of origin-destination pairs on the network, ,          
  : The complete set of available paths in the network 

    : The set of paths in the network between I-J pair                  

  
  

 : Flow on path r, connecting each Origin-Destination (O-D) pair (i-j) 

    : Demand between each Origin-Destination (O-D) pair           

          : Travel cost on link a as a function of flow and capacity expansion 

   : Flow for link   

   : Constant, varying by facility type (BPR function) 

   : Constant, varying by facility type (BPR function) 

     
  : Binary variable which {                                             } 

        : improvement cost function for link „a‟ 

   : Capacity expansion for link „a‟ (nonnegative real value) 

     : Total System Travel Time 

  : Budget (nonnegative real value) 
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The upper-level optimization problem (ULP) 

The planner aims to minimize the total system travel time in the NDP. Thus the upper-level 

problem can be formulated as 

               ∑            

    

  (5) 

Subject to                

∑        

   

 
(6) 

            (7) 

 

The objective function (5) represents the total system travel time where    is determined by the 

lower-level UE problem which will be presented in the next section. Constraint (6) guarantees 

that the total improvement cost does not exceed the total given budget. Constraint (7) ensures 

that the capacity improvement index    for each candidate link are positive. 

The lower-level user equilibrium traffic assignment problem (LLP) 

The upper level shown in equations (5-7) will give a trial capacity expansion vector    and will 

be translated into new link capacities. Based on the new link capacity values, the link flows can 

be computed by solving the following formulation: 

             ∑∫            
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Equation (8) represents the objective function of UE problem. Constraint (9) defines the demand 

conservation condition. Constraint (10) defines the relation between link flow and path flow. 

Constraint (11) and (12) requires non negativity path flow and travel demand respectively. An 

important feature of this problem, and more generally of bi-level programs, is the hierarchical 

relationship between two autonomous, and possibly conflictual, decision makers. Mathematical 

program in equation (5-7) and (8-12) are connected through the use of common variables, 

namely capacity improvement index    and flows   . Also, the decision of the planner cannot be 

computed until flows are known. These flows are not in the direct control of the planner, but the 

solution of a mathematical program parameterized in the capacity improvement vector   . This 

yields the bi-level formulation as follows: 
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Solutions approach 

This section discusses the solution algorithms for the ULP and LLP. The ULP was performed by 

means of a Microsoft Excel Solver tool. Microsoft Excel Solver uses the Generalized Reduced 

Gradient (GRG2) algorithm for optimizing nonlinear problems. The steps of The GRG2 

algorithm are presented in Table 1.  The upper level objective function can be solved using 

Microsoft Solver tool which will give a trial capacity expansion vector (  ). Then this vector will 

be translated into new network capacities. The new network will be transferred to the lower 

level. The LLP provides new (  ) vector based on the capacity enhancement vector (  ). This 

link flows are passed to the upper level. The upper level objective function will be computed and 

it provides the new trial capacity (  ). This trial capacity will be passed to the lower level. This 

procedure is repeated until convergence. The flowchart of the solution approach is given in 

Figure 1. 

 

FIGURE 1 Flowchart of the Solution Approach 
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The LLP incorporates Frank Wolfe Algorithm (FW) (3) to perform traffic assignment. The FW 

search algorithm is used for convergence of the objective function to its minimum value using 

the associated direction vector‟s move size. The objective function is the sum of the integrals of 

the link performance functions. The steps of the Frank-Wolfe algorithm are presented in Table 2. 

Table 1 Steps of the GRG2 algorithm 

Step 1. Given a feasible point           ̅   ; positive integer  ;      . 

Step 2. Compute 

        [
  

  
]  

where the partition satisfies that         is nonsingular; 

Compute   (multiplier satisfying): 

     

   
 

      

   
  

Therefore, the reduced gradient ( ̃   can be expressed as the gradient of the Lagrangian function 

at the reduced space: 

 ̃     
 

   
[           ], 

 

Step 3. If  ‖ ̃ ‖    then stop;  

let  ̅     ̃ ; and     
   

  . 

Step 4.  

           ̅ ; 

             . 

Step 5.         
          ; 

compute         ; 

if  ‖        ‖    ̅then go to Step 7; 

         ; if       go to Step 5. 

Step 6.        , go to Step 4. 

Step 7. If                  then go to Step 6. 

                       ; go to Step 2. 

Source: OPTIMIZATION THEORY AND METHODS (NP) BY WENYU SUN & YA-XIANG YUAN 
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Table 2 Steps of the FW algorithm 

Step 0: Initialization  

Perform all-or-nothing assignment based on            a. A new flow vector {  } will be 

generated. Set counter      . 

 

Step 1: Update  

Set              

 

Step 2: Finding Direction 

Perform all-or-nothing assignment based on {  }.  

A new auxiliary flow vector {x‟a} will be generated. 

Step 3: Line search  

Find              that solves equation (16): 

        ∑∫        
        

    
  

  

  

The line search problem solved using bisection algorithm (Bolzano search). The converge 

criteria for bisection method defined as the distance between the lower bound and upper bound 

of the current section in bisection iterations. 

 

Step 4: Move  

  
      

        
    

       

 

Step 5: Convergence test 

If the convergence criterion is met, stop and accept the current solution {  
   }, as the set of 

equilibrium link flows. If the convergence criterion is not met, set           and go to step 1. 

The convergence tested using equation (18): 

√∑    
      

    

∑   
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